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Variational Inequality
For K cRY v: K —RY,

Find x* € K such that (v(x"),x —x") >0 forall x € K. (V1)

Example (Minimization)

Karush-Kuhn-Tucker (KKT) points of ”;',2 f(x) < (Vl)withv =VTf.
Example (Saddle-point)

Stationary points of ngi}rel xTe?é O(x1, %) <= (VI)withv = (_VVXIX;))
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Classical methods

Gradient method: K = R?
Xey1 = Xe—yv(Xt)
Projected gradient method:
X1 = projc (Xe—yv(Xt))
Multiplicative weight update: K = simplex

—yv(X
Xt+1,i x Xt,ie YV(Xt)
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Classical methods

Gradient method: K = R?
Xer1 = Xe—yv(X;)
Projected gradient method:
Xey1 = projic (Xe—yv(Xe))
Multiplicative weight update: K = simplex
Xepri oc Xpe "V

Mirror Descent:

Xiy1 = P, (—'YV(Xt))
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Bregman divergences, prox-mapping
Bregman divergence: For h: R — R U {oo} 1-strongly convex with dom h = K

D(p, x) = h(p) — h(x) — (Vh(x), p — x}, forallpe IC,x € K.
Prox-mapping: P: K x R? — K
Pi(y) = argmin{{y, x — x'y + D(x", x)} forallx e IC,y € Y.

x'eK
Example: in one dimension
K h(x) D(p. x) Pe(y)
. 2 —x)2
Euclidean [0, +00) e (2 > ) (x+y)+
Entropy [0, +00) x log x plog 2 +p—x xe¥

H —X —q)x9—p(x9—1—pa-1 .
Tsallis entropy, g > 0 [0, +00) q(qu) % Explicit
Hellinger [-1,1] —V/1—-x? Explicit Explicit

Mirror Descent:

Xey1 = (—yv(Xp)
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What happens across divergences?
On K = [0, +00):
v(x)=x-1 v(x) = x

x* = 1 (interior) x* = 0 (boundary)
Euclidean regularizer

Entropy
107t Tsallis entropy
(g =0.5)
Tsallis entropy
-3 (g=1.5)
—_ 10 Hellinger
X
X 107°
Q
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500 1,000 1,500 2,000 2,500 500 1,000 1,500 2,000 2,500
Iterations

Iterations
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Convergence of Mirror Methods

Question:
[_ How can we explain those differences in last-iterate convergence between divergences?

Existing results:

(V1) Convergence Setting Deterministic Stochastic
Monotone Ergodic Bregman O(1/t) O(1/+/t) with y¢ oc 1/4/t
Strongly Monotone  Last-iterate Linear O(1/t) withy: xx 1/t

(Nemirovski, 2004), (Juditsky et al., 2011, Gidel et al., 2019), (Hsieh et al., 2019)
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Convergence of Mirror Methods

Question:

[_ How can we explain those differences in last-iterate convergence between divergences?

Existing results:

(V1) Convergence Setting Deterministic Stochastic
Monotone Ergodic Bregman O(1/t) O(1/+/t) with y¢ oc 1/4/t
Strongly Monotone  Last-iterate Linear O(1/t) withy: xx 1/t

(Nemirovski, 2004), (Juditsky et al., 2011, Gidel et al., 2019), (Hsieh et al., 2019)

Our contribution
[_ For locally strongly monotone (VI), characterization of the last-iterate convergence of Mirror methods
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The topology of several standard divergences

Plot D(0, x) on [0, +c0)
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“Degenerate” Bregman geometry
» Since his strongly convex,
D(p. x) = h(p) = h(x) = (Vh(x), p = x) = %Ilp —x|[* forallpeK,xek

Consequence: D(p, xt) = 0 = ||xt — p|| — 0.

» Conversely consider,
K={xeR:|xla<1}. hx)=—/1—|xI3.
There exists (x¢): s.t. || xt — p|| = 0 but D(p, x¢) - 0

D(p, x) for fixed p s.t.
llpll =1
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Our proposal: quantify the deficit of regularity w.r.t. ambient norm

Key object: The of hat p € K is the smallest 3 € [0, 1) such, for some
for all x close enough to p,

2 2(1—
SlIp = xI” < D(p.x) < 3KNIp = x|P77)

— Local notion around pin K
Example: On K = [0, +00)

p > 0 (interior) p = 0 (boundary)

Euclidean reg. 0 0
Entropy 0 1/2
Tsallis entropy g < 2 0 1—gq/2
Hellinger 0 3/4

Legendre exponent

> 0and
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Last-iterate convergence

Lipschitz continuity:
Iv(x") — v(x)|l« < L||IxX — x| forallx,x" € K.

Second-order sufficiency: there exists u > 0 s.t.,
(3, x = x*) > pllx = x|
Legendre exponent: For all x close to x*,

D(x", x) < 1K|x* — x|

Theorem 1

for all x close to x™.

With classical step-sizes, if X1 is close enough to x”,

DU X0) < o(efwj) if5 =0
o(1/tY7Y) ifp e (0,1)
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What happens across divergences?
On K = [0, +00):
v(x)=x-1 v(x) = x

x* = 1 (interior) x* = 0 (boundary)
Euclidean regularizer

Entropy
107t Tsallis entropy
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What happens across divergences? Bis
On K = [0, +00):

v(x)=x—(-1)
X"=0v(x)=1
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Finer rates for linearly constrained problems

(Standard form) Polyhedron:
K={xeR?: x>0, Ax = b}

Decomposable Bregman regularizer:

h(x) =) 6(x) with 6:R; —RU{+o0}

Key quantity: dual multipliers A\; > 0 associated to the constraints x; > 0.

Theorem 2

For i such that x; = 0and \; > 0,
0in finite time if &'(s) = Q(1) at 0
Xej =14 0(e™") if6'(s) =logs+Q(1)at0
o(1/t"7) if6'(s) =Q(s”), pc (0,1)at0
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What happens across divergences? Bis
On K = [0, +00):

v(x)=x—(-1)
X"=0v(x)=1
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Different situations

Covered by Theorem 1

NC(x*) NC(x*)

~ ~

Theorem 1 tight Covered by Theorem 2
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Conclusion

Take-home message: Convergence of Mirror methods is more complex than just O(1/t), depends on

» Local behavior of the Bregman divergence
» Structrure of the constraints and of the solution
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