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Why non-convex landscapes?

Training of deep neural networks = stochastic optimization on a nonconvex loss function

Image credit: losslandscape.com



Why non-convex landscapes?

Training of deep neural networks = stochastic optimization on a nonconvex loss function

Image credit: losslandscape.com

Q: What is the behavior of stochastic optimization methods on a non-convex 0ss?



Stochastic Gradient Descent

For f : R — R non-convex, eg. loss of model with parameters z,

minimize f(x
nim f(z)

Stochastic Gradient Descent (SGD): with constant step size n > 0

Liy1 =Ty — 1 Vf(xy) + Z(xy;wy)

step size zero-mean noise



Stochastic Gradient Descent

For f : R — R non-convex, eg. loss of model with parameters z,

minimize f(x
nim f(z)

Stochastic Gradient Descent (SGD): with constant step size n > 0

Liy1 =Ty — 1 Vf(xy) + Z(xy;wy)

step size zero-mean noise

Finite-sum problems / Empirical risk minimization:
Consider f(z) = %Z:‘Zl f;(x) and at each iteration, sample i,,

Z(zywy) =V f(zy) — Vfit (z¢)
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Stochastic Gradient Descent

For f : R — R non-convex, eg. loss of model with parameters z,

minimize f(x
nim f(z)

Stochastic Gradient Descent (SGD): with constant step size n > 0

Liy1 =Ty — 1 Vf(xy) + Z(xy;wy)

step size zero-mean noise

Q: What is the long-run behavior of SGD?
— Q1: Where are the iterates most likely to go?

— Q2: How much time to get there?



What is known on SGD?
Stochastic Gradient Descent (SGD): with constant step size n > 0
Ty =2 — N\ V() + Z(2450;)

SGD with constant step size:
« f strongly convex: SGD converges near the minimizer (Polyak, 1987)
« f convex: average of SGD iterates (almost) optimal (Nemirovskii and Yudin (1978, 1983))
e f nonconvex:
 In average, close to criticality (Lan, 2012)

E

%TZ ||Vf<a:t>||2] ~0(=)

« With probability 1, SGD is not stuck in (strict) saddle points (Pemantle, 1990; Mertikopoulos et al., 2020)

— Q1: Where are the iterates most likely to go?

— Q2: How much time to get to the global minimum?



What is known on SGD?
Stochastic Gradient Descent (SGD): with constant step size n > 0

Lip1 =L — M Vf(x,) + Z(z4; wy)
What we are not doing:

« Stochastic Approximation:

1

Ty = Ty — N[V (@) + Z (245 0,)] With my o 10.5+e

Convergence to local minima (Bertsekas & Tsitsiklis, 2000) but does not correspond to practice.
« Sampling (MCMC, Langevin): to sample from e~//o"

Ty =z, —V f(z,) + /20N (0,07)
Convergence of the distribution of the iterates (Raginsky et al., 2017) but scaling of the noise differs from SGD
« Continuous-time limit (Gradient flow, SDE):

dX, = =V [f(X,)dt + \/77 cov(Z(Xy;-))dW,
Provable approximation of SGD (Li et al,, 2017) but only on finite time horizons

= Cannot analyze the long-run behavior of SGD



Example: Himmelblau function

Himmelblau function

In our work, critical set of f:
crit(f) :=={z: Vf(z) =0} = KUK, U...UK,

where K, (smoothly) connected components

T



Example: SGD on Himmelblau function
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Example: SGD on Himmelblau function

t =500
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Result 1: Asymptotic distribution of SGD

SGD with constant step size = Markov Chain

LTiy1 =Ly — 1 Vf(xy) + Z(xy;wy)

Invariant measure: probability measure u__ such that

Ty ~ Uoo = Tip1 ™~ Moo

r

Invariant measures = long-run average behavior:

Invariant measures are weak-x limit points of the mean occupation measures of the iterates of SGD:
for any set B of interest, as n — oo,

E[%il{xt c B

t=1

~ M (B) Ti2 R \\.
’
- = .

Q1: Where does the invariant measure of SGD concentrate?



Result 1: Informal statement

Recall: :
crit(f) :={x: Vf(z) =0} = K; UK, U...U K, with K, connected components

1. Concentration near critical points:

poo(erit(f)) > 1 —e
2. Saddle-point avoidance:

Lo (Saddle point) < p(local minima)

3. Boltzmann-Gibbs distribution: for some energy levels E;,

oo (KC;) ox exp (—%)

4. Ground state concentration: with K, := argmin, E;, minimizing energy,

Moo(KO) >1— 6_%



Challenges and techniques

« No known approach to analyze the asymptotic distribution of SGD on non-convex problems

« We leverage large deviation theory and the theory of random perturbations of dynamical systems,
— Estimate the probability of rare events, such as SGD escaping a local minima

« We adapt the theory of random perturbations of dynamical systems with three main challenges:
a) Lack of compactness
b) Realistic noise models (finite sum)
c) Discrete-time dynamics

References it
Freidlin, M. I., & Wentzell, A. D., 2012. Marklbeldln
Random perturbations of dynamical systems. Random
Kifer, Y., 1988. Random perturbations of dynamical Perturbations ,
of Dynam|ca| Perturbations of

Dynamical Systems

Third Edition

&) Springer . o
St Birkhauser
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https://link.springer.com/book/10.1007/978-1-4615-8181-9
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Objective and noise assumptions

Objective assumptions:

« Vfis Lipschitz-continuous

* fis coercive: limy, o f(2) = lim, [V f(z)] = +o0

« crit(f) has finitely many (smoothly) connected components:
crit(f) = K; UK, U...UK,

Noise assumptions:

» Randomness w, is i.i.d.
* E[Z(z;w)] =0, cov(Z(z;w)) = 0, Z(z;w) = O(||z||) almost surely
* Z(z;w) is o sub-Gaussian:

log E[e(*Z(@w)] < "72 [v]|2



Objective and noise assumptions

Objective assumptions:

« Vfis Lipschitz-continuous

* fis coercive: limy, o f(2) = lim, [V f(z)] = +o0

« crit(f) has finitely many (smoothly) connected components:
crit(f) = K; UK, U...UK,

Noise assumptions:

» Randomness w, is i.i.d.
* E[Z(z;w)] =0, cov(Z(z;w)) = 0, Z(z;w) = O(||z||) almost surely

* Z(z;w) is o sub-Gaussian:

log E[e(*Z(@w)] < "72 [v]|2

Regularized empirical risk minimization:

Consider f(z) = + " fi(z) + ]«]? with f; Lipschitz and smooth.



Large deviations for discrete-time SGD

Consider « : [0, T] — R? continuous path in parameter space, P(SGD ~ ) =?
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Large deviations for discrete-time SGD

Consider « : [0, T] — R? continuous path in parameter space, P(SGD ~ ) =?

r

Proposition: SGD admits a large deviation principle as n — 0: for any path v : [0,T] — R4,

P(SGD on [0, T/n] =~ v) ~ exp (—STUM> where Sr[v] = /ﬁ(fyt,f'yt)dt

\.

Using tools from (Freidlin & Wentzell, 2012; Dupuis, 1988)

CGF. of Z(.’IJ; w): .7[(:1:, ’U) = logE [6<U’Z<w5w>>]
Conjugate: L(x,v) = H*(zx,—v—Vf(x))

. T :
Action: Srlyl = fo LV, ¥y ) dt



Large deviations for discrete-time SGD

Consider « : [0, T] — R? continuous path in parameter space, P(SGD ~ ) =?

r

Proposition: SGD admits a large deviation principle as n — 0: for any path v : [0,T] — R4,

P(SGD on [0, T/n] =~ v) ~ exp (—STU[W]> where Sr[v] = /ﬁ(fyt,f'yt)dt

\.

Using tools from (Freidlin & Wentzell, 2012; Dupuis, 1988)

Gaussian noise Z(z;w) ~ N (0,0°%1,)

CGF. of Z(z;w):  H(z,v) = logE[el"Z(@w)] H(x,v) = %2”’0“2
Conjugate: L(z,v) = H*(x, —v — V f(z)) £(z,v) = 1Vl

|;Yt + Vf(%)IIZdt

: T : T
Action: Srivl=J, €(v ¥)dt Srhl =257/ |



LDP and Gradient flow

Gradient flow: path v : [0, T] — R< such that
Y ==V (1)

Proposition:

P(SGD on [0,T/n] ~ ~) ~ exp (%ﬁ[ﬂ)

In the Gaussian case: . T
Srbl =7 | I+ ViGOIat
0

202

(=)




LDP and Gradient flow

Gradient flow: path v : [0, T] — R< such that
Y ==V (1)

Proposition:

P(SGD on [0,T/n] ~ ~) ~ exp (c%h])

n

In the Gaussian case: -
1 .
Srbl =7 | I+ ViGOIat
0

202

Key observations:

« Sp[v] = 0iff v is a gradient flow trajectory
* $+[v] quantifies how far ~ is from being a gradient flow trajectory

» The farther ~ is from being a gradient flow, the smaller P(SGD ~ )

(=)




Transition between critical points

Given K;, K; components of critical points, what is P(SGD transitions from K; to K;) ?
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Involves the transition cost:
B, ; = inf{Sp[v] | 7 € K;, v € K;, T > 0}
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Transition between critical points

Given K;, K; components of critical points, what is P(SGD transitions from K; to K;) ?
Involves the transition cost:
B, ; = inf{Sp[v] | 7 € K;, v € K;, T > 0}

Yt

r

Proposition: Transition probability from K, to K: for n > 0 small enough,

. B,
IP(SGD transitions from K, to Kj) ~ exp (__J>
n

\.

Assumption: B, ; < +o0
Key observations:

- If there is a trajectory of the gradient flow joining K; and K, then B, ; =0

e We can show:

E T
=




Main idea of the proof

— Restrict SGD to a chain visiting only critical components

K,
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Main idea of the proof

— Restrict SGD to a chain visiting only critical components

K,

Forget what happens outside: negligeable time

Abstract away what happens inside: does not depend on the starting point

Keep only transitions

— Study SGD as a finite-state space Markov chain on { K, ..., K, } with transition probabilities

B

_ 24,7

Pij~e 7



Energy

Using exact formulas for finite-state space Markov chains:

( )

Lemma (very informal): the invariant measure of SGD restricted to { K, ..., Kp} is, forp > 0 small enough,

(i) o exp (—%)

E, = min

where energy of K :
{ Y B, | T spanning tree pointing to z}

j—keT
L J

E, = "min. cost to join all components to "

(3
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Result 1: Invariant measure of SGD

Theorem: Consider u, any invariant measure of SGD:
Given € > 0, U, neighborhoods of i, and n > 0 small enough:
1. Concentration near critical points:
:U’oo( fvuq) >1—en, forsome ¢ >0
2. Boltzmann-Gibbs distribution: for all s,
E.+0
1t o exp( ~E2909)
n
3. Saddle-point avoidance: if /; is a saddle, then there is I, local minimum with I, < E;:
Moo (UL) —< K,
—— <en or some c >0
peo 1) ! , <
4. Ground state concentration: given U/, neighborhood of the ground states K, = argmin, E,

foo(Uo) > 1—e€m, for some ¢ > 0




25

invariant measure

1an noise

Example: Gauss

Assume Z(z;w) ~ N (0,021,)
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Simulation (shaded blue) vs prediction (black wireframe) of the

Himmelblau function


videos/MeasureEvolution.mp4

Minimizers of the energy = minimizers of the function?

P2



Minimizers of the energy = minimizers of the function?

f() q
P1
P2




Minimizers of the energy = minimizers of the function?

f(z) q
i
P1
P2
E, - f9) —2f(p2) and  E, = f(q) —Zf(pl)
09 01

o, Smallenough = E,<FE, = pu, concentrateson p,

— In general, minimizer of the energy # minimizer of the function!
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Time to reach the global minimum

Q2: How much time does SGD take to reach the global minimum?

5

(@) / \ /"4\
5

28


videos/HittingTime.mov

Time to reach the global minimum

Q2: How much time does SGD take to reach the global minimum?

Hitting time: with small margin § > 0,
7 = min{t € N | dist(z,,argmin f) < §}

Q2: What is E_[7] for SGD started at z?

5

X9
X4
(@) \ e ]
/ 5 X h
y X1

28


videos/HittingTime.mov

Example: Three Humped Camel
Z(z;w) ~ N(0,0%1,)
Q: What is E_[r] for SGD started at x5 here?

/ e /



Example: Three Humped Camel
Z(z;w) ~ N(0,0%1,)
Q: What is E_[r] for SGD started at x5 here?

A=) / \ /X4\

(Informal) Theorem:




Result 2: Time to reach the global minimum

g
Theorem:

starting at x, the time 7 to reach argmin f satisfies, for any e > 0 and n,é > 0 small enough,
exp (M) < ]Em [7-] < exp(M>
n n

. provided a technical condition holds for the LHS.

Key quantity J (x): geometric measure of problem’s hardness, it captures

« The difficulty of the loss landscape: hardest set of obstacles to overcome to reach argmin f
« The statistics of the noise: scales with inverse square of the noise level



Definition of J(x) /

Energy of K, = argmin f: “min. cost to join everyone to argmin” /
K4 ‘¥B24 K2
E, = min{ > B, | T spanning tree pointing to 1} \
J—keT BSA\

Energy of pruning K,: “min. cost to join everyone to argmin except i”

Ji 1) = min{ Y B, | T spanning tree pointing to 1 with an edge from i to 1 removed}
J—keT



Definition of J(x) /

Energy of K, = argmin f: “min. cost to join everyone to argmin” /
K, ‘¥—324 K,
E, = min{ > B, | T spanning tree pointing to 1} \
J—keT BM\

Energy of pruning K,: “min. cost to join everyone to argmin except i”

Ji 1) = min{ Y B, | T spanning tree pointing to 1 with an edge from i to 1 removed}
J—keT

Energy of argmin f relative to K;: “cost of connecting i to argmin = cost of obstacles from i to argmin”
J@)=E;, —J@i+~1)

Energy of argmin( f) relative to x:  “cost of all possible obstacles from x to argmin”
J(z) = max [J(i) — B(z,i)],

— Ly



Core Takeaway

Assume Z(x;w) has noise strength between o, and o, In every direction.

g
Theorem: for any starting point x

max argmin Kz — min . argmin Kz i
J(ZC) < 2 K;#arg ff< )2 K,;#arg ff( ) 0O (1 . Ugnln

Jmin

J(LC) < 2 X (f(3320-)2— f($5)) f(@) \X /X4 \ /
< fzg) — flzs) | A



Core Takeaway

Assume Z(x;w) has noise strength between o, and o, In every direction.

4 N
Theorem: for any starting point x

max argmin Kz — min . argmin Kz 2
J(ZC) < 2 K;#arg ff< ) K,;#arg ff( ) 0O (1 . Umln)

2
Jmin

. J

— Tight!

For x close to x4,

J(LC) — 2 X (f(3320-)2— f($5)) f(@) \ /X4 \ /
() — fzs) , 3 -

B 1] exp L2210




Core Takeaway

Assume Z(x;w) has noise strength between o, and o, In every direction.

4 )
Theorem: for any starting point x

max : K.) — min : K. 2
9 K,#argmin f f( z) K,#argmin f f( z) + 0 (1 . Umln)

2
Umin
N\ J

— Tight!

J(x) <

For x close to x4,

J(LU) — 2 X (f(3320-)2— f($5)) f(@) \ /X4 \ /
() — fzs) , 3 .

E ~
R "

— Non-convex optimization is “easy” when

depths of spurious minima <« mn x local noise strength




Three Humps: Simulation

For Z(z;w) ~ N(0,0%1,),

we predict

J(x) = —
1
logE[7] ~ J(x) x ;

Convergence Time (log scale)

0.0067 0.0019 0.0011 0.0008

Step—size (inverse scale)

Linear fit to data: R? = 0.99; Theoretical prediction: R? = 0.97

-10°
108
107
108
10°
10t
103
102
10!

100



Non-constant noise?

Assume Z(z;w) ~ N (0,02 f(z)I,)

— Relevant for deep learning, eg (Mori et al., 2022)

4 N
Theorem: for any starting point x

max argmin lo K i) min g argmin lo Kz
0}

- J

— Tight!

For z close to 5,

J(:c) — 2 X (10g f<$20->2— log f(xS)) (@) / \ /X4 \
) (02 ) Xl .

g n

— Non-convex optimization is “easy” when

log depths of spurious minima <« 7 x local noise strength



Main takeaways

Constant step size SGD on non-convex functions:

- Iterates does not converge but distribution can be studied
- It concentrates near local minima and in particular near those that minimize the energy

- It takes exponential time to reach the global minima, with exponent depending on the geometry of the loss
and the noise

0.0067 0.0019 0.0011 0.0008

10°
108
107
106
10°
10*
10°

102

Convergence Time (log scale)

10!

10°

t — 2 0 0 t = 5 0 0 Step—size (inverse scale)
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Project 1: Understanding adaptive methods

In practice, AdaGrad / Adam often converge faster than SGD.
Q1: Why do adaptive methods often outperform SGD?

— Need to adapt our framework, which relies heavily on the gradient structure of SGD.

T T
10° - |— Adam (theory)

—— SGD (theory)
108 |- |--- Adam (data)

Preliminary results:

107 -

100 -

In some simple cases,

105 -

E[Tadam] = v/ ElTscp] T

103 -

Convergence Time (log scale)

102 -

101 -

100 -

| | | | | | | |
1-107' 3.107% 2-1072 1-107% 8-107* 7-107% 6-107* 5.107°
Step-size (inverse scale)

Hitting time of Adam in a non-convex problem



Project 2: Characterizing learning dynamics in games

In many settings, learning emerges from interactions between multiple agents (e.g. GANs, multi-agent RL)
Q2: What is the long-run behavior of learning dynamics in general games?

— Solution sets are not only fixed points but also cycles and more complex attractors

0.0 0.2 0.4 0.6 0.8 1.0
Lo —— 11.0
0.8} l0.8
0.6 10.6
0.4] 10.4
0.2} 10.2
] S j0.0
0.0 0.2 0.4 0.6 0.8 1.0

Asymptotic distribution of players’ strategies in a non-concave game



Project 3: From training dynamics to generalization

Understanding why neural networks generalize well remains a fundamental question in deep learning theory.

Q3: How do training dynamics shape the generalization performance of the end model?

— Possible Direction: study the stability of the invariant measure of SGD.

True data
distribution P

N

Empirical data
£y &, from P

~

~

SGD

SGD

~

~

Hoo

close?

Moo

loss

Moo

-
e N >

parameter



Towards a principled understanding of stochastic optimization in deep learning

Short-term goals:

Project 1: Understanding adaptive methods (Adam, AdaGrad)
Project 2: Characterizing learning dynamics in games (GANs, multi-agent RL)
Project 3: From training dynamics to generalization

Long-term goal: A principled understanding of non-convex optimization for statistical learning

Geometry of the loss

and the model

o Trainin neralization
Data distribution —— aming >Ge eralizatio

/ dynamics performance

Optimization
algorithm
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