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Contributions

Interplay between geometry, algorithm and convergence
e Introduce the Legendre exponent to describe the local geometry of

a Bregman divergence

e Characterize the convergence of the last-iterate of Optimistic Mirror
Descent near the solution

e Derive consequences for the tuning of step-sizes

Variational Inequality

For Cc RY v: K — RY find x* € K s.t.
(v(x"),x —x"y >0 forall x e (V1)
Example (Minimization)
KKT points of Q';Q f(x) < (VI)with v =Vf

Example (Saddle-point)

. . | . v,
Stationary points of ngligl QE% (X1, x0) < (VI) with v = (—VX2¢)

Bregman divergences

Bregman divergence: For h: K C R? — R 1-strongly convex

D(p, x) = h(p) — h(x) — (Vh(x), p — x), forallpe K, xe K
Prox-mapping: P: K x R? = K

P.(y) = argmin{{y, x — x) + D(x’, x)}

x'elC

Example: on L = [0, +00)

forall x € IC, y € RC.
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What happens across divergences?

Example: V(X) — xon K = [O, +oo) —Euclidean—Tsallis entropy (g = 0.5;

Entropy —Tsallis entropy (g = 1.5
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Question

Assumptions and iterate stability

Oracle signal: (U;): zero-mean and with finite-variance,

N . Vi = v(Xt) + Us
Lipschitz continuity:

[v(x) — v(x)|ls < L||x" — x| forall x,x" € K.
Second-order sufficiency: there exists u > 0 s.t.,
(v(x), x — x*) > pu|lx — x*||* for all x close to x*.
_Proposition

Take a step-size of the form v, = v/(t + ty)" withn € (1/2, 1] and -y, ty > O
and fix any confidence level 6 > 0,

For every neighborhood U of x*, if v/ty is small enough and X, is close
enough to x*, then

Eu={XselUforallt=1,2,...}
happens with probability at least 1 — 9.

How can we explain those differences in last-iterate convergence between

divergences?

h(x) D(p, x) Pu(y)
Euclidean X; (p—2x)2 (x+ ).
EntrOpy X |Og X p |Og 5 + D — X eV
Tsallis entropy, g > 0 q(_liqq) (1—q)Xq;(,i(:<2;1_pq—1)

Optimistic Mirror Descent

Xt+1/2 = (—’Yt\/t—1/2) \/t—1/2 — V(Xt—1/2)“e”
Xip1 = (—’Yt\/t+1/2) Vt+1/2 = V(Xt+1/2)“e”
Existing results:
(V1) Convergence Setting Stochastic
Mon. Ergodic Bregman  O(1/v/t) with y; o< 1//t

Strongly Mon. Last-iterate O(1/t) withy; o< 1/t
(Nemirovski, 2004), (Juditsky et al., 2011, Gidel et al., 2019), (Hsieh et al., 2019)

The Bregman topology

e Strong convexity of h: forall p e IC, x €
D(p,x) > 3lp— x|’

e Reverse does not hold in general:

Example: on K = [0, +00)
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Our proposal: quantify the deficit of regularity

of hat p € K:
for all x close to p, D(p, x) < ix|p — x|[**)

€ [0,1) s.t., for some « > 0

Example: on I = [0, +00)

p > 0 (interior) p = 0 (boundary)

Euclidean reg. 0 0
Entropy 0 1/2
Tsallis entropy g < 2 0 1—q/2

Legendre exponent

_Theorem

Last-iterate convergence

Legendre exponent: For all x close to x*,

D(x*, x) < kllx* — x|

If U is small enough, with step-sizes of the form, v, = ~/(t + ty)",
LD (x*, X:) | & is bounded according to the following table:

Legendre exponent Rate (n = 1) Rate (% <n<1) Examples
— m
O. . O/t) O/t Euclidean, Interior
Conditions: v large enough —
_1-B _ (1-n)(a-p) _n
< (0.1) O((Iog t) ) O(t Tt ) Entropy, Tsallis
Conditions: v small enough

Optimal step-size:

Legendre exp. n* Rate
c [0,1/2) 1 — Ot~

1—

e [1/2,1] ~1/2 O(t_z—)
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